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A previously developed mathematical wetting model is generalized and applied to the 
following two closely related situations: the spreading of a liquid ouer a prewet solid 
su face  and the receding contact-line motion with a microscopic residual film, remain- 
ing behind the contact line. An analytical expression for the velocity dependence of the 
dynamic contact angle is derived. Macroscopic characteristics (the dynamic contact an- 
gle and drag force) and the flow field corresponding to the spreading of a liquid over a 
wet solid suface differ considerably from those calculated for a dry surface. Under 
certain conditions the flow in the reference frame jixed with respect to the contact line 
has a region with closed streamlines. The region appears due to the flow-induced 
Marangoni effect, the reverse influence of the suface tension gradient along the liquid- 
solid inteface caused by the pow on the pow, which gives rise to the gradient. The 
results are compared qualitatively with experimental data. 

Introduction 
Mathematical modeling of wetting-dewetting processes in 

the framework of conventional fluid mechanics encounters 
fundamental difficulties due to the nonintegrable shear-stress 
singularity at the moving contact line, and the inability to de- 
scribe the velocity-dependence of the dynamic contact angle 
(see Dussan V., 1979, for review). Furthermore, the problem 
is how to take into account the solid surface state, in particu- 
lar, a microscopic liquid film, which may be initially present 
ahead of the advancing contact line or appear behind the 
receding contact line. (We use the term “advancing contact 
1ine”in a situation where a liquid spreads over a solid surface 
displacing a gas. The “receding” contact line refers to the 
reverse process. In both cases, the dynamic contact angle is 
measured through the liquid.) This film is invisible to conven- 
tional fluid mechanics and can strongly influence the macro- 
scopic behavior of the liquid in wetting-dewetting phenom- 
ena (Rillaerts and Joos, 1980; Ghannam and Esmail, 1992). 
In contrast to macroscopic films (Landau and Levich, 1942; 
Bretherton, 19611, microscopic films cannot be described by 
macroscopic hydrodynamic equations not only because of 
their negligible thickness compared with characteristic length 
scales of the bulk flow but also due to the fact that the film 
formation and properties are controlled by the long-range in- 
termolecular forces (Teletzke et al., 19881, which are not 
taken into account in conventional macroscopic hydrodynam- 
ics. 

We may distinguish two possible methods of incorporating 
microscopic films in the modeling of wetting phenomena. The 
first is to consider the film as a layer of a finite thickness and 
take into account the factors, which become important on 
such small length scales, in particular, the factor of including 
the forces of nonhydrodynamic origin in the equations for the 
bulk flow (see de Gennes, 1985, for review). However, from 
this point of view, the “contact line,” which is the region of 
interest in the wetting studies, will be located at the edge of 
the film. 

The second method is to consider the flow on macroscopic 
length scales and take into account the presence of the mi- 
croscopic film in the boundary conditions for the bulk flow. 
The idea to use the microscopic film as a remedy for the 
shear-stress singularity in the boundary conditions was men- 
tioned in Dussan V. (1979), but no steps in this direction have 
been taken up to present. The influence of the microscopic 
films on the macroscopic characteristics of the flow and, in 
particular, on the dynamic contact-angle behavior was inves- 
tigated experimentally, but no systematic theoretical studies 
of this problem have been reported. 

The present study is carried out in the framework of an 
approach to the moving contact line problem initially formu- 
lated in Shikhmurzaev (1991). A mathematical model based 
on this approach (Shikhmurzaev, 1993a, 1994) eliminates the 
singularities inherent in the conventional approach of fluid 
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mechanics and allows describing the advancing liquid motion 
over a dry smooth solid surface in qualitative and quantita- 
tive agreement with experimental observations. The physical 
idea, which is the basis of the model, makes it possible to 
incorporate the microscopic film in the boundary conditions 
in a natural self-consistent way not as a remedy for the singu- 
larities but as a physical factor affecting the flow. 

The modeling follows the results of experiments (Dussan 
V., 1979) which dictate that the advancing liquid motion is 
rolling (a liquid particle, which initially belongs to the free 
surface, traverses the three-phase interaction region in a fi- 
nite time) and takes into account that an element of the gas- 
liquid interface does not change its properties instantly as it 
comes into contact with the solid wall: a certain relaxation 
period is required for this element to become an equilibrium 
element of the liquid-solid interface. The simplest mathemat- 
ical model, which realizes this approach, predicts the appear- 
ance of the surface tension gradient along the liquid-solid 
interface, which influences the flow and, in particular, the 
dynamic contact angle and the force between the liquid and 
the solid in the vicinity of the moving contact line (Shikh- 
murzaev, 1993a, 1994). In the present work this approach is 
used to consider the receding contact-line problem with ac- 
count of a microscopic residual film, remaining on the solid 
surface behind the contact line, and a closely related problem 
of the advancing contact-line motion across a prewet solid 
surface. 

Background 

Quantitative comparison of experimental data concerning 
the receding contact-line motion reported by different au- 
thors is difficult not only because dynamics of the receding 
interface was investigated not as systematically as wetting hy- 
drodynamics, and very often experimental results correspond 
to different ranges of parameters, but also due to the appear- 
ance of the microscopic residual film, properties of which are 
controlled by poorly reproducible factors. Qualitative fea- 
tures of this phenomenon revealed by experimental studies 
may be summarized as follows: 

(a) The receding liquid motion is rolling (Yarnold, 1938; 
Dussan V. and Davis, 1974), that is, material points initially 
located on the liquid-solid interface arrive at the moving con- 
tact line and then become elements of the gas-liquid inter- 
face in a finite time. 

(b) The receding dynamic contact angle 13, decreases as the 
contact-line speed U grows (Elliott and Riddiford, 1967; 
Johnson et al., 1977; Hopf and Stechemesser, 1988; Teletzke 
et al., 1988 and references therein). 

(c) The maximum speed of the solid surface dewetting U,, 
is finite, that is, a liquid displaced at a speed greater than U, 
is followed by a macroscopic liquid film remaining on the 
solid (Vaillant, 1913; see also Teletzke et al., 1988 for a re- 
view). In this case, the dynamic contact angle becomes equal 
to zero while the advancing contact angle at the same con- 
tact-line speed is far from its limiting value (Rose and Heins, 
1962; Rillaerts and Joos, 1980; Hopf and Stechemesser, 1988; 
Sedev and Petrov, 1992). However, usually the degree of 
magnification in experimental studies is not reported, so that 
is difficult to conclude what contact angle (microscopic, 
macroscopic, or apparent) is measured. 
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Figure 1. Flow in the interfaces in the immediate vicin- 

ity of the receding (a) and advancing (b) con- 
tact lines with account of a microscopic resid- 
ual film. 
For clearness the interfaccs are depicted as layers of finite 
thickness. 1, 2, 3 correspond to the outer, intermediate, and 
inner asymptotic regions associated with characteristic length 
scales L ,  E L ,  and eCaL,  respective; 4-interfaces, 
5-three-phase interaction region (‘‘contact line”), 6-mi- 
croscopic residual film. 

Since the receding contact line is usually followed by a mi- 
croscopic film formed on the solid surface by adsorbed 
molecules of the liquid (Templeton, 1954, 19561, one should 
take into account that the rolling motion in this case implies 
that not all the molecules, which form a material point of the 
liquid-solid interface, arrive at the free surface: a part of them 
will be adsorbed by the solid surface (Figure 1). The dominat- 
ing physical mechanisms of adsorption may be different for 
different liquid-solid systems (Fowkes, 1967), and they will 
not be considered here, since we are going to investigate only 
the influence of the integral properties of the microscopic 
film regardless of concrete physical mechanisms leading to its 
formation. Our interest will be focused on how the adsorbed 
microscopic film influences such characteristics of the three- 
phase interaction region as the mass and momentum balance 
at the contact line and what changes in the velocity-de- 
pendence of the dynamic contact angle and the drag force it 
will cause. Hereafter we will call “wet” the solid surface cov- 
ered by the microscopic liquid film. 

In itself the presence of the microscopic film (in contrast to 
the macroscopic one) does not remove the singularities of the 
classical formulation of the moving contact-line problem 
(Dussan V. and Davis, 1974) since it is invisible to macro- 
scopic fluid dynamics and therefore does not change the shape 
of the domain where the macroscopic hydrodynamic equa- 
tions are valid. 

A microscopic residual film strongly influences hydrody- 
namics of a subsequent advancing contact-line motion (Ril- 
laerts and Joos, 1980; Ghannam and Esmail, 1992). In experi- 
mental investigations of the advancing contact-line problem, 
some workers apply methods with many wetting-dewetting 
runs (Ablett, 1923; Wilkinson, 1975; Bolton and Middleman, 
19801, and therefore the presence of the residual film be- 
comes practically inevitable. Some of the others take special 
means to achieve thermodynamic equilibrium in a 
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gas/liquid/solid system (Elliott and Riddiford, 1967; Inverar- 
ity, 1969) and so the microscopic liquid film may appear, for 
example, due to the evaporation-condensation process. Con- 
vincing experimental data supporting this mechanism were 
recently reported by Novotny and Marmur (1991). In this 
connection, it is interesting to consider the influence of the 
microscopic residual film upon the main properties observed 
experimentally in the advancing contact-line motion and listed 
as (ii)-(iv) in the previous works of this series (Shikhmurzaev, 
1991, 1993a, 1994): 

(ii) Increase of the advancing dynamic contact angle as U 

(iii) Existence of a maximum dynamic contact angle Om, < 

(iv) Existence of a maximum speed of wetting. 
It is noteworthy that a precursor film preceding a slowly 

advancing “macroscopic” contact line in some gas/liquid/ 
solid systems (AusserrC et al., 1986) in some cases can play 
the role of a microscopic residual film. 

Theoretical investigations of different authors show that the 
flow in the bulk is independent of details of the flow in the 
immediate vicinity of the contact line (Dussan V., 1976; 
Hocking, 1977), and in many cases for the description of a 
wetting process only the macroscopic characteristics (such as 
the dynamic contact angle and the force between the liquid 
and the solid) are required. However, in a number of practi- 
cal situations, the quality of films formed by solidified liquids 
depends on the flow structure in the vicinity of the moving 
contact line during the coating process. Since our model is 
able to describe the macroscopic characteristics of the ad- 
vancing interface, it is reasonable to see what results it pre- 
dicts for the flow structure. Therefore, the analysis of the 
flow field is one of the purposes of this article. 

Thus, the scope of this article is twofold: (1) to investigate 
the influence of the microscopic film on the macroscopic 
characteristics, the dynamic contact angle and the force act- 
ing on the liquid in the vicinity of the moving contact line, of 
the advancing and receding fluid motions and (2 )  to analyze 
the flow field in the neighborhood of the moving contact line. 
In particular, we will derive a simple algebraic equation, which 
relates the dynamic contact angle with the contact-line speed 
and other parameters. We will also discuss a way of how to 
check the equation of state for the surface phase experimen- 
tally and obtain its parameters. 

grows 

180” for some gas/liquid/solid systems 

General Formulation 
Let us recall the formulation of the moving contact-line 

problem in the framework of the model based on the true 
kinematics of the flow (Shikhmurzaev, 1993a, 1994). For the 
sake of simplicity, we assume that a displaced (or displacing) 
gas is inviscid and therefore dynamically passive. The 
Reynolds number of the flow is assumed to be small so that 
the inertial effects are negligible, and the flow in the bulk 
may be described by the Stokes equations. 

The essence of the model (Shikhmurzaev, 1993a, 1994) is 
given by the boundary condition 

(Z is a metric tensor; n is a unit vector normal to the inter- 
face points from the solid to the liquid) and equations which 
describe distributions of the suguce parameters along the liq- 
uid-solid interface 

( 2 )  

completed by boundary conditions at and far from the con- 
tact line. Here n * P*(Z - nn) is the shear stress acting on the 
interface (P is the stress tensor in the bulk); p s  is the suqubce 
pressure in the liquid-solid interface related with the surface 
density by the equation of state (Eq. 4), which is given in the 
simplest form applicable for isothermal and some barotropic 
processes in the surface phase; p is the coefficient of sliding 
friction (Bedeaux et al., 1976); u and U are the velocities of 
the liquid and the solid on the opposite sides of the liquid- 
solid interface. It is necessary to emphasize that p”  is not the 
surface tension of the solid; it is associated with the two-di- 
mensional pressure in a thin layer of the liquid adjacent to 
the solid surface (Figure 11, and this quantity may be positive 
or negative (Gibbs, 1961). The righthand side of the surface 
mass balance equation (Eq. 2 )  describes the relaxation of the 
surface mass density due to the mass exchange between the 
interface and the bulk ( pSe and T are the equilibrium surface 
density and the relaxation time, respectively). Obviously, this 
mass exchange may be neglected in the boundary conditions 
for the bulk velocity, and therefore on the interfaces one has 

Equations 3 relate the tangential components of the sur- 
face velocity v s  with the components of the bulk phase veloc- 
ities on the opposite sides of the interface; a is a phe- 
nomenological coefficient describing in an integral form the 
influence of the surface pressure gradient on the velocity dis- 
tribution across the interface. 

Boundary conditions on the free surface derived in the 
same way as Eqs. 1-5 take the form (Shikhmurzaev, 1993a, 
1994) 

n - P e n  + pg  + p ’ ~  = 0 

(1 - nn) - P* n + Vps = 0 

W P S -  PSe - + V.( p”ys)  = - ~ 

d t  7 

Here, pg  is the pressure in the gas; K is the curvature of the 
free surface; p i e  is the equilibrium surface density in the liq- 
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uid-gas interface; the unit normal vector n points from the 
gas to the liquid. An extension of the model for the case of a 
liquid-liquid interface and a discussion on the physical mean- 
ings of parameters can be found elsewhere (Shikhmurzaev, 
1993b). 

In a stationary process, the total mass flux into and out of 
the moving contact line along the interfaces and the total 
force acting on the contact line are zero. These conditions, 
which link the distribution of the surface parameters along 
the liquid-gas and liquid-solid interfaces, together with some 
conditions for the overall flow give us the closed mathemati- 
cal problem. In more details the mass and momentum bal- 
ance conditions at the contact line will be discussed in the 
next section. 

Let us briefly discuss the orders of magnitude of parame- 
ters involved in the model. All of the parameters have clear 
physical meanings, and since some of them will be the same 
for any mathematical model, which takes into account the 
interface formation process and dynamic properties of inter- 
faces, their values have been already measured for some liq- 
uids. For example, the surface tension relaxation time T can 
be measured by the oscillating jet method, and for water r is 
about s (see Kochurova et al., 1974 and references 
therein), although estimates give a smaller value. The coeffi- 
cient of sliding friction p can be measured by considering 
flows through very thin capillaries (Churaev et al., 1984). Such 
experiments give for water p = 3 X lo4 N*s/m3. The model 
derivation (Shikhmurzaev, 1993a) implies that p may be esti- 
mated as p - p’/h, where pr is the viscosity in the interfacial 
layer and h is the layer thickness determined by intermolecu- 
lar forces. Assuming that pr - p, we have that h - 3 X lop8 
m. This value slightly exceeds that predicted by the molecular 
theory of capillarity (Rowlinson and Widom, 1982). If the or- 
dering of molecules in interfacial layers leads to pf < p, then 
the value of h must be reduced. This assumption agrees with 
the fact that /3 increases as temperature grows (Churaev et 
al., 1984). For the other parameters one has a - h/p’, ps - 
ph, y - ( d ~ / d p ) ~  (Shikhmuraev, 1993a). Below, in the sec- 
tion dealing with the macroscopic characteristics of wetting, 
we will discuss a possibility of determining pl  and checking 
the surface equation of state by comparing theoretical results 
with experimental data. This would allow us to estimate h in  
an alternative way or, if p is also found, to obtain the viscos- 
ity in the interfacial layer pf, which could help to estimate 
other parameters. 

The quanitative comparison of the model with experimen- 
tal data is given in Shikhmurzaev (1993a1, and different ways 
of the model generalization are discussed in Shikhmurzaev 
(1993a, 1994). 

It is evident that boundary condition (Eq. l), as well as an 
ordinary Navier slip model, eliminates the shear stress singu- 
larity inherent in the classical formulation, and Eqs. 1-6 give 
the usual boundary conditions for the Stokes equations far 
from the contact line, where the gradients of the surface pa- 
rameters vanish. As shown in Shikhmurzaev (1993a), the first 
term on the lefthand side of Eq. 1 becomes important only in 
the immediate vicinity of the contact line, while in the major 
part of the slip region, slip is determined by the surface pres- 
sure gradient. 

The time derivatives in Eqs. 2 and 6 vanish if we do not 
consider the unsteady process of the interface formation, 

which takes place, for example, if a liquid is instantaneously 
brought in contact with a solid. Otherwise, these derivatives 
must be held, and an initial distribution of the surface den- 
sity or some other conditions regulating the evolution of the 
surface density must be set up. 

Small Capillary Numbers and Relaxation Lengths 
Let us consider the vicinity of a moving contact line with a 

characteristic length L small compared with that of the flow 
field and much greater than the characteristic thickness of 
liquid-gas and liquid-solid interfacial layers. For simplicity, 
we assume that the flow takes place in the plane perpendicu- 
lar to the contact line and use a coordinate frame fixed with 
respect to it. 

As has been shown in Shikhmurzaev (1993a, 1994) by ap- 
plying the technique of matched asymptotic expansions to 
Eqs. 1-6 for small E = UT/L and capillary numbers, the free 
surface in the vicinity of the contact line is approximately 
planar, and one can distinguish the following three asymp- 
totic regions (Figure 1): 

(1) The outer region associated with the length scale L,  
which is far from the contact line and where the classical 
solution of the Stokes equations with the no-slip boundary 
condition on the solid surface and the zero tangential stress 
on a free surface is valid, and its inner limit is described by 
the following relationships (Moffatt, 1964): 

(7) 

(hereafter 4, u, and uo denote the stream function, the ra- 
dial and transversal component of the velocity field in the 
bulk, respectively; ( r ,  0) are the plane polar coordinates with 
the contact line placed at the origin and the axis 8 = 0 paral- 
lel to the solid surface; e,, U are the dynamic contact angle 
and the absolute value of the speed of the solid wall; the 
parameter u, is equal to 1 for the advancing contact line and 
-1 for receding; the subscript 0 in parentheses marks the 
velocity components of the classical solution). 

( 2 )  The “intermediate” region with characteristic dimen- 
sions of order ~ = U T ,  in which the properties of “surface 
phases”can considerably change, and the surface tension gra- 
dient along the liquid-solid interface, appears. This gradient 
causes the apparent slip on the liquid-facing side of the liq- 
uid-solid interface (see Figure 1). In this region the thickness 
of interfacial layers may be neglected and one may consider 
the interfaces as geometrical surfaces with zero thickness and 
specific “surface” properties (the surface tension, etc). 

(3) The “inner” (or “viscous”) region with dimensions of 
order Cal (Ca = pU/u -ZK 1 is the capillary number, p de- 
notes the viscosity of the liquid and u is the surface tension 
at the free surface). This region includes the three-phase in- 
teraction zone (i.e., the “contact line”), parts of the inter- 
faces and the adjacent liquid. In this region viscous stresses 
become comparable with the surface tension gradients. Obvi- 
ously, if one deals with the flow associated with the charac- 
teristic length scale I and is interested in the main terms in 
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Ca as Ca + 0, the dimensions of the “inner” region may be 
neglected. 

The main terms in asymptotic expansions in Ca of 0, and 
the force between the liquid and the solid as Ca --* 0 are de- 
termined by the solution in the “intermediate” region: the 
integral contribution of the inner region is of O(Ca) and may 
be neglected in comparison with terms of order unity as Ca 
+ 0. It is very important to emphasize that within this accu- 
racy the force between the liquid and the solid is determined 
by the surface tension gradient along the liquid-solid inter- 
face in the “intermediate” region and not by the shear stress: 
an element of the liquid-solid interface with a negligible mass 
experiences the action of three forces, namely, (1) the shear 
stress, (2) the surface tension gradient, (3) the drag force from 
the solid, and the first force (of order pU/l) may be ne- 
glected compared with the second one (which is of order u/l) 
as Ca + 0. 

It is necessary to remember that for applicability of the 
theory, 1 must be large compared with a characteristic inter- 
facial layer thickness h determined by intermolecular forces 
in contacting media. If 1 - h, the physical background of the 
theory remains of course valid, though in this case, the order- 
of-magnitude analysis of the model’s parameters, which was 
discussed above, is not applicable, and one has to use them 
as empirical constants while comparing the theory with ex- 
perimental data. At the same time, it should be pointed out 
that as demonstrated in Shikhmurzaev (1994) 1 =UT is the 
low limit of the actual relaxation length as the contact line 
speed tends to infinity. 

Let us develop the approach briefly described above to 
consider the solution in the intermediate region for the ad- 
vancing and receding contact line motions in the case where 
a microscopic residual film formed by adsorbed molecules of 
the liquid is present (or appears) on the solid surface. 

First of all, we must clarify the following aspects of our 
analysis in order to avoid possible misunderstanding: 

(1) Since we consider the flow on a length scale large com- 
pared with the thickness of the interfacial layers and that of 
the microscopic film, the latter may be regarded a 2-D fluid, 
which properties may be described by some integral charac- 
teristics resulting from the averaging across the film of the 
distribution of the actual parameters. Thus, we will not con- 
sider the microscopic film structure, which depends on the 
long-range forces leading to the appearance of this film (de 
Gennes, 1985). 

(2) The existence of the microscopic film ahead or behind 
the film does not mean that the contact line is removed, and 
hence the singularities disappear. Indeed, in contrast to 
macroscopic liquid films (Landau and Levich, 1942; Brether- 
ton, 1961), the bulk hydrodynamic equations, which do not 
include long-range intermolecular forces, are inapplicable to 
describe the microscopic film. Thus, the flow domain, where 
our bulk equations are valid and on which boundaries the 
boundary conditions must be formulated, remains the same if 
the microscopic film is present or not, and the line formed at 
the intersection of the two surfaces of the flow domain 
boundary is called the contact line. The fact that a precursor 
(microscopic) film may alter only the boundary conditions but 
not the flow domain shape, if the flow on a macroscopic length 
scale is considered, was mentioned also in Dussan V. (1979). 

The closed formulation of the problem in the intermediate 

region can be obtained by applying the asymptotic technique 
to the general problem, which includes the Stokes equations 
in the bulk, the conditions (Eqs. 1-6) on liquid-solid and liq- 
uid-gas interfaces and the surface mass and momentum bal- 
ance equations at the contact line (Shikhmurzaev, 1993a, 
1994). The main terms in Cu and E of the velocity and pres- 
sure in the intermediate region obey the Stokes equations 

V - u = O ,  V p = A u  (8) 

with boundary conditions on the free surface 

and the velocity on the liquid-facing side of the liquid-solid 
interface, which is related with the surface velocity uh and 
pressure p i ,  of the liquid-solid interface by 

Hereafter we use the variables made dimensionless by the 
scaling quantities 1 = UT, U ,  pU/l and u. The subscripts 1 
and 2 mark the surface parameters of the gas-liquid and liq- 
uid-solid interfaces, respectively; the parameter 

will be called the dimensionless contact-line speed; the sub- 
script e marks the equilibrium values of corresponding sur- 
face parameters; A = ap characterizes the influence of the 
surface pressure on the relationship between the velocity dif- 
ference across the interface and the surface velocity; the sur- 
face densities are made dimensionless using pi, that is, the 
surface density corresponding to the zero surface tension (see 
Eq. 4). 

Distributions of the surface parameters along the liquid- 
solid interface are described by the set of equations 

with boundary conditions 

(13) 

Here Eqs. 12 and 13 (the latter is simply the Young equation 
written down in our notations) describe the balance of mass 
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and momentum at the contact line; Eqs. 14 match the solu- 
tions in the intermediate and outer regions; the equation of 
state (Eq. 15) connects the (dimensionless) surface pressure, 
which is defined as minus surface tension, with the (dimen- 
sionless) surface density. In statics, the usual Young equation 
relates the equilibrium surface densities pi, ,  p i ,  and the 
static contact angle 0,: 

The presence of the microscopic film on the solid surface 
is manifested by: 

An additional mass flux into (or out of) the contact-line 
region (the last term in Eq. 12, where p,",, is the surface den- 
sity of the film); 

An alteration of the force acting on the contact line (see 
Eqs. 13 and 16, where pS,, generally is not equal to piG, the 
tangential force per unit length acting on the contact line in 
the absence of the residual film). 

Since generally pfe, # p i G ,  the static contact angle on the 
dry surface 0, usually differs from the static contact angle on 
a wet surface 0,: these quantities are related by 

cos e, + piG = cos e, + p;,, (17) 

The surface density of the residual film p& should be re- 
lated with p:es by an equation of state, which is determined 
by the properties of contacting media. In the receding con- 
tact-line motion p,",, (and, consequently, P:~,) is also a func- 
tion of the distance from the contact line due to some relax- 
ation process of the residual film formation. Its value at r = 0 
used in Eq. 12 depends also on the conditions of the residual 
film formation, i.e., on the dimensionless contact line speed 
V .  Obviously, p:es -+ p iG as p;,, --f 0. 

First, we will analyze the influence of p;,, and pS,, on the 
contact-line motion separately by considering them as inde- 
pendent constants. This is a reasonable assumption for the 
advancing liquid flow and under certain conditions may be a 
good approximation for the receding one. Then we will con- 
sider what qualitative changes in the dynamic contact-angle 
behavior will appear if p,",, is velocity-dependent. A general 
question concerning the relationship p&, = f( p,",,) will re- 
main opened for a discussion and experimental investigation. 

The model (Eqs. 11-17) has an interesting consequence. 
According to the present view of the situation, the static con- 
tact-angle hysteresis is caused by the heterogeneity of the solid 
surface due either to chemical contamination (Joanny and de 
Gennes, 1984; Pomeau and Vannimenus, 1985) or to surface 
roughness (Oliver and Mason, 1977; Dussan V., 1979; Cox, 
1983). Figure 2 illustrates a possibility of the contact-angle 
hysteresis on a smooth homogeneous solid surface: a droplet 
forced to spread tends to restore its shape and gives rise to a 
residual film, which changes the static contact angle accord- 
ing to Eq. 17. As will be discussed below, the residual film 
properties may be dependent on the contact line speed, and 
therefore the stationary shape of a droplet on a smooth solid 
surface will depend on the history of its deformation. Thus, a 
family of equilibrium shapes of the droplet on a smooth ho- 
mogeneous solid surface is possible. Certainly, in reality all 
the factors leading to the contact angle hysteresis (surface 

\ + R  SOLID 1 
TR 

Figure 2. Static contact-angle hysteresis on a smooth 
homogeneous solid surface. 
A drop forced to spread from 1 to 2' tends to restore its 
shape and leaves a microscopic residual film formed by ad- 
sorbed molecules on the solid surface. This film alters the 
tangential force acting on the contact-line region and there- 
fore changes the static contact angle. 

roughness, chemical inhomogeneities of the solid surface, the 
residual film appearance) take place. It should be pointed 
out also that the mechanism of the contact angle hysteresis 
described here differs from that of a pseudo-hysteresis due to 
a quasi-static motion of the receding contact line (Hansen 
and Miotto, 1957). 

Of course, considering the influence of the receding liquid 
on the condition of the solid surface is not a novel idea (see, 
for example, Bartell and Wooley, 1933). However, in previous 
works, it was assumed that the receding liquid alters the solid 
surface structure and therefore changes the surface tension 
of a gas-solid interface, that is, the force acting on the con- 
tact line. In the present model we consider not only the 
changes of the force acting on the contact line due to the 
microscopic residual film appearance in the receding contact 
line motion, but also the microscopic mass flux out of the 
contact line region. In statics, both statements are equivalent 
(since in statics, there are no mass fluxes), but as will be shown 
below, in dynamics, the mass flux out of the three-phase in- 
teraction region plays a much more important role than the 
changes in the tangential force density. 

Analytical Results 
Although the numerical analysis of the problem (Eqs. 

11-16) is rather simple, it is necessary to remember that the 
moving contact line problem is only an ingredient of many 
more complex problems, and, therefore, a simple way of ob- 
taining the parameters important for a global problem is de- 
sirable. In the present section we consider simplifications 
which are possible in the case of low-compressible liquids. As 
has been shown in Shikhmurzaev (1993a1, in this case A- '  = 
(1 - pi , )  -c 1. This fact has not been taken into account be- 
fore, and now we will apply the usual perturbation technique 
to the problem (Eqs. 11-16) using the limit A- '  + 0. 

Expanding all the unknown functions in power series of 
A -  ' and exploiting the regular procedure of the perturbation 
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technique, we obtain from Eqs. 11-16 the following expres- 
sions valid to the terms of the first order in A- '  

p;  = p i e  + CA- ' exp( - kr)  

Ck 
v; = u ,  + -exp(- kr)  

4AV 
(18) 

Ck 
2AVz(1+4A) ur(r ,O) = uw + exp( - kr 

2V 

Pze  
k = y (  4- - u,V) = 2 V ( d K -  u w V )  (19) 

Mass and momentum balance Eqs. 12 and 13 give two ex- 
pressions for the unknown constant of integration C. Elimi- 
nating C from these expressions, we get the following alge- 
braic equation which relates the dynamic contact angle value 
0, with other parameters: 

Equation 20 gives an excellent approximation of the numeri- 
cally obtained velocity dependence of 6, for A 2 10. For C 
one has C = cos 8, - cos 8, and, obviously, Cu, I 0. 

Equation 20 generalizes the corresponding relationship ob- 
tained in Shikhmurzaev (1994) and includes some of empiri- 
cal relationships known in literature as particular cases. 

The fluid velocity distribution along the liquid-solid inter- 
face given by Eq. 10 has an interesting property. If 

Ck 
2u,AV2(1 +4A) 

D = -  > 1  (21) 

then there is a stagnation point located at the distance 

ro = k-' In D e 2 )  

from the origin so that u,(r,O)u, < 0 if r < ro, and u,(r,O)u, 
> 0 if r > ro. As will be shown below, the condition (Eq. 21) 
corresponds to appearance of the region with closed stream- 
lines near the contact line. 

Macroscopic Characteristics 
Problem 11-16 can be solved independently of the flow 

field consideration. Its solution gives the dynamic contact- 
angle value @,, and the tangential force exerted on the liquid 
by the solid in the vicinity of the contact line. This (total) 
force is equal to the integral of the surface pressure gradient 
along the liquid-solid interface and can be expressed as 
(Shikhmurzaev, 1993a, 1994) 

0.001 

Figure 3. 

0.01 0.1 ' v  
Advancing dynamic contact angle vs. dimen- 
sionless contact-line speed. 
Curves 1-3 correspond to a dry solid surface ( pfcs = 0) and 

0.5. Curves 4-7 were obtained for a wet surface and pfc = 
= O M ,  e,=60°: i-ppiG = 0; 2 - p ; ,  = -0.5; 3 - p i c  = 

0.95, eo = 60": 4- p i ,  = 0.1, p;es = 0; 5- pseS = 0.1, p i ,  = 
-0.5; 6-ppS,, = 0.1, p:es = 0.5; ~ - P P , ~ ,  = 0.2, P : ~ ,  = 0. 
Curves 8 and 9 describe the velocity-dependence of the re- 
ceding contact angle for ps. = 0.95: 8- pSes = 0, p &  = 0, 6, 
= 60"; 9- p i ,  = 0.4, p:es = 0, 8, = 60". 

Combining Eqs. 13, 15, 16, and 23, we obtain 

(24) F = cos eo -COS e,(v) 

It is easy to show that Eq. 24 remains valid if Eq. 15 is re- 
placed by an arbitrary equation of state: Eq. 24 is a direct 
consequence of Eq. 23 and the Young equations for static 
and dynamic situations. In the receding contact line motion if 
p;es depends on V, the contact angle O0 also becomes veloc- 
ity-dependent, but Eq. 24 remains still valid. 

Figure 3 shows the numerically obtained dependences of 
the advancing contact angle 8, on V for dry (curves 1-3) and 
wet (4-7) solid surfaces; curves 8 and 9 correspond to a re- 
ceding contact line and will be discussed later. 

In the case of a dry solid surface, the value and the sign of 
pgG qualitatively influence the flow characteristics. If pgC > 0, 
the system has a maximum speed of wetting V, : if V >  V,  , 
then the solution of Eqs. 11-16 fails to exist. This fact was 
interpreted as the transition from the rectilinear contact line 
to a "sawtooth" one (Shikhmurzaev, 1993a). Experimentally, 
the existence of a maximum speed of wetting was demon- 
strated by Blake and Ruschak (1979). If pgG < 0, then 8, 
asymptoties to a certain value Om, < 180" as V increases. 
However, for reasonable values of pgG the deviation of @d 

from 180" is relatively small (Shikhmurzaev, 1993a, 1994) 
though in experiments (Elliott and Riddiford, 1967; Inverar- 
ity, 1969) for some systems Om, = 115". Thus, it is interesting 
to see if variations of any other parameter can lead to em, 
considerably less than 180". 

In Figure 3, it is shown that even a very thin microscopic 
film ( p;,, = 0.1) strongly decreases 8, even for positive p&. 
In complete agreement with experimental observations, the 
dynamic advancing contact angle associated with the flow over 
a pre-wet solid surface is lower than that obtained for the dry 
solid surface (Rillaerts and Joos, 1980; Ghannam and Esmail, 
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1992), and, if the static contact angle in both cases is the 
same (Rillaerts and Joos, 19801, 0, increases not so rapidly in 
the case of a prewet solid surface as it does if the surface is 

It is interesting to mention the following fact. Many experi- 
menters reported that in their studies the dynamic contact 
angles of values very close to 180" were not observed. For 
example, Ghannam and Esmail (1992) demonstrated that for 
their roll-coating systems they were not able to record stable 
contact angles higher than 160". Slight unsteady movement 
by the dynamic contact line was observed at higher substrate 
speeds, followed by the onset of an air entrainment by the 
coating liquid. This implies that in the considered case, the 
air entrainment is due to hydrodynamic instability and not to 
the passing over the maximum speed of wetting. 

Quantitative comparison with the above cited experiments 
is difficult due to the lack of information about some param- 
eters involved in the theory. It is also necessary to remember 
that, strictly speaking, the theory is applicable if I >> h, i.e., 
not for the case of very small speeds of wetting. 

Figure 3 illustrates mainly the influence of pS,, for the sit- 
uation when the static contact angle is the same for different 
systems; the changes in the static contact angle due to the 
presence of the microscopic film with pfeS f 0 are described 
by Eq. 17. 

In the advancing contact-line motion, the value of p,",, may 
be considered as independent of V it is determined by the 
properties of contacting media and by the conditions at which 
the film was formed, i.e., on the history of wetting. 

dry. 

Su#ace equation of state 
The above-described behavior of 6, for a liquid spreading 

over a prewet solid surface suggests a way of experimental 
checking the surface equation of state (Eq. 4) and determin- 
ing its parameters. Experiments (see, for example, Rillaerts 
and Joos, 1980) show that wetting hydrodynamics strongly de- 
pends on the presence of a microscopic liquid film on the 
solid surface ahead of the spreading liquid, and this fact sup- 
ports our assumption that p" may be considered as a func- 
tion of ps. The problem is how to organize experiments and 
combine the results with the theoretical predictions in order 
to obtain this function. 

As is clear from Figure 3, the (dimensionless) surface den- 
sity of the microscopic film strongly influences (a) the rate of 
growth of the dynamic contact angle and (b) its limiting value 
at high contact line speed. Thus, if we know the (dimen- 
sional) surface film density p,",, , for example, by controlling 
the evaporation-condensation process, which gives rise to its 
appearance, and are able to measure the velocity-depend- 
ence of e, (or at least Om,,), then we can use p i ,  which was 
taken to be a scale for making p,",, nondimensional, as an 
adjustable parameter trying to fit the theory to experimental 
data. The obtained value of p i  would allow us to estimate 
the interfacial layer thickness h ( p i  - ph), which could then 
help to calculate other parameters. If we are able to uury p,",, 
and measure a function Om, ( p,",,), then we could determine 
the whole functional dependence p"( p"), which should re- 
place the simplest linear surface equation of state (Eq. 4) 
used in this article. We remind the reader that &, or, more 
precisely, the difference pses - p &  can be measured in stat- 
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Figure 4. Receding dynamic contact angle vs. contact- 

line speed for prSes = const. 
Curve 1 is obtained for p i c  = 0.95, p,',, = 0, &,( = p & )  = 0, 
O,( = 0,) = 60". The parameters of the others differ as fol- 
lows: 2- pi:  = 0.99; 3- 8, = 30"; 4-pS,, = 0.5; 5-p:,, = 

-0.5; 6-pp,,,=0.1; 7-pP,E,,=O.l, ~ : ~ , = - 0 . 5 .  

ics (see Eq. 17). Experiments with liquids spreading over pre- 
wet solid surfaces could also allow us to investigate, at first, 
qualitatively, the influence of other possible arguments in the 
surface equation of state, such as the parameters characteriz- 
ing electrohydrodynamic properties of contacting materials, 
since one can prepare and influence the film ahead of the 
contact line without changing the properties of the spreading 
1 iqu id. 

Receding contact lines 
In the receding contact line motion generally p:es = p:,,(V). 

In Figure 4, we have shown the receding contact angle vs. V 
for a particular case p;,, = const, that is, in the situation where 
the dependence of p;,, upon V may be neglected. The value 
of 0, decreases as V grows and becomes zero at a finite V = 
V,. The value of V, strongly depends on ps,, f?,, and ps,, 
being practically independent of p&,. Qualitative behavior of 
experimental curves is similar. If V > V,, the solution of Eqs. 
11-16 fails to exist. It means that the macroscopic film is 
pulled out of the receding liquid. Obviously, this film may be 
described by the bulk hydrodynamic equations. The edge of 
this macroscopic film is the actual contact line, and it moves 
at the speed equal to V,, while the rest of the liquid may be 
displaced at a speed greater than Vo, thus increasing the 
length of the macroscopic film. 

It is noteworthy that the receding dynamic contact angle 
changes from Bo to zero as V increases not for an arbitrary 
dependence pS,,(V>: an analysis of the problem (Eqs. 11-16) 
shows that the (dimensionless) mass flux into the (receding) 
contact line from the liquid-solid interface (in a coordinate 
frame fixed with respect to the contact line) decreases as V 
increases, and therefore the mass flux out of the contact line 
region due to the residual film motion is bounded. It means 
that p,",, and V, are bounded as well. 

At V = V, the corresponding advancing dynamic contact 
angle is far from its maximum value (see curves 8 and 9 in 
Figure 3). 
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Figure 5. Velocity-dependence of the receding dynamic 
contact angle for a velocity-dependent resid- 
ual film density. 
Curves 1-4 correspond to Eq. 25: 1- p," = 0; 2- p: = 0.2, 
W =  2; 3- p: = 0.4, W = 2; 4- p," = 0.4, W = 3. Curves 5-8 
were obtained using Eq. 26: 5- p," = 0.4, b = 0; 6- p: = 0.4, 
b = 1; 7- p," = 0.4, b = 10; 8- p," = 0.2, b = 1. 

For an arbitrary function p,",,(V), the maximum speed of 
dewetting Vo, that is, the maximum value of I, for which a 
solution of Eqs. 11-16 exists, corresponds in a general case 
to a nonzero value of the dynamic contact angle. 

In a general case, the function pfe,(I,) can be found either 
experimentally or theoretically by considering kinetics of the 
microscopic residual film formation (see Teletzke et al., 1988 
and references therein). Here we will consider two possible 
examples of such a dependence. Curves 1-4 in Figure 5 cor- 
respond to the simplest relationship 

and curves 5-8 are obtained using the function 

(26) 

which connects pfes and V in an implicit way through tbe 
velocity-dependence of ( p,", W,  b are empirical constants). 
It is evident that Eq. 25 includes p:es = const as a particular 
case ( W =  O), and for both Eqs. 25 and 26 p," is the upper 
limit of pfe,. For simplicity, we assume that p;es = 0. Qualita- 
tive behavior of curves 1-4 is close to that obtained for con- 
stant values of &.., while the shapes of curves 5-8 are com- 
pletely different. 

Experimental data reported in the literature have the same 
qualitative behavior as the theoretical curves described by Eq. 
25. Unfortunately, the lack of information about some pa- 
rameters of the model does not allow us to compare the the- 
ory with experiments quantitatively. 

Thus, we may state that a function p,",,(I,) strongly influ- 
ences the receding dynamic contact angle behavior, and a 
function Od(V) obtained experimentally could be used, at least 
in principle, for receiving information about the residual film 
formation. For example, resolving Eq. 20 for p:es and using 
the independently measured values of other parameters, one 
could calculate the function p,",,(V), which then can give use- 

ful information for structural theories. A qualitative analysis 
of the data reported by Hopf and Stechemesser (1988) and 
Sedev and Petrov (1992) shows that the residual film density 
increases tending to a certain limiting value as the contact 
line speed grows. 

The present model, which predicts a finite speed of dewet- 
ting even in the case of a velocity-dependent residual film 
density, eliminates the apparent contradiction, pointed out 
by Blake (19931, between the progressive thickening of the 
entrained microscopic film (Teletzke, 1983) and the abrupt 
onset of the macroscopic film entrainment. 

Flow Field 
A solution of the problem (Eqs. 11-16) gives 

The value of e d ,  which determines the flow domain and 
the velocity of the liquid on the gas-liquid interface (see Eqs. 
13 and 9); 

The surface parameters distribution along the liquid-solid 
interfacial layer and, in particular, the velocity of the liquid 
on the liquid-solid interface (see Eq. 10). 

It is convenient to rewrite Eqs. 8-16 as a problem for the 
stream function 9 in a wedge region {r,  elr 2 0, 0 -< 0 I 8,) 
as follows: 

A'$ = 0 

* = o ,  --= " u,(r,O) for r > 0,O = O  (27) r dB 

Here u,(o)(Od;uw) is determined by Eq. 9, and u,(r,O) is re- 
lated with the solution of Eqs. 11-16 by Eq. 10 or Eq. 19. 
The force experienced by the liquid is given by Eq. 24. The 
Mellin transform allows us to reduce the problem (Eq. 27) to 
a standard boundary-value problem for a linear ordinary dif- 
ferential equation of the 4th order with constant coefficients, 
which can be easily solved analytically. After overcoming usual 
difficulties inherent in the numerical inverse Mellin trans- 
form (Davies and Martin, 19'791, we obtain the velocity com- 
ponents and are able to draw streamlines. 

Calculations show that gradients of the surface quantities 
increase as r + 0 along the liquid-solid interface. For qualita- 
tive description of the flow-field evolution it is convenient to 
use the function D, which was introduced above. If D < 1, 
then slip at the origin is partial, [u ,  - u,(r,O)]/u, < 1; D > 1 
means that the so-called reverse slip takes place, [u,  - 
ur(r,O)]/uw > 1. The case D = 1 corresponds to complete slip 
at the origin, u,(r, 0) + 0 as r + 0. It is necessary to remind 
that we are dealing only with parameters of the intermediate 
region, and here the origin means the vicinity of the inner 
region, where the influence of bulk stresses on the surface 
parameters distribution is important, and the surface and bulk 
problems become interrelated. 

In Figure 6, we present streamlines of the advancing liquid 
motion in the most interesting case when D > 1, i.e., when 
ed, ps,, A and P,",~ are sufficiently small. For the curves given 
in Figure 6 0, = 20°, ed = 30°, pSe = 0.95, A = 0.001, p,",, = 0, 
pgG = 0. Dashed curves are the streamlines of the flow de- 
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Figure 6. Streamlines for low contact line speeds for D 
> I ( p;m = 0.95, e, = 20", e, = 300, A = 0.001, 
pp,, = 0, p,",,(= p&J = 0). 
The region with closed streamlines is present in the vicinity 
of the contact line (magnified view A). Magnified views B 
and C show the velocity distribution across the liquid-solid 
interface. Dashed curves show the streamlines of the classi- 
cal solution. 

scribed by the classical solution (Eq. 7). Magnified views B 
and C show the velocity distribution across the liquid-solid 
interface and in the adjacent liquid. 

If D > 1, then in the vicinity of the contact line there is a 
zone with closed streamlines. We use the dimension of this 
zone to make dimensionless the coordinates in Figure 7 as 
well. The zone with closed streamlines appears due to the 
region of reverse slip at the liquid-facing side of the liquid- 
solid interfacial layer. Reverse slip is caused by the surface 
pressure gradient along the liquid-solid interface, which in- 
creases as r + 0. The hydrodynamic analog of the flow in the 
interfacial layer is a combination of Couette and Hagen- 
Poiseuille flows in a plane channel with nonconstant pressure 
gradient along the channel. It is noteworthy that in our model, 
everywhere except the contact line itself a real slippage does 
not occur: at the solid-facing side of the liquid-solid interfa- 
cial layer the velocity is equal to the velocity of the solid. This 
fact is in complete agreement with recent results obtained by 
Koplik et al. (1988) and Thompson and Robbins (1989) by 
means of a molecular dynamics simulation of the contact line 
motion. They found that the no-slip boundary condition broke 
down within = 2 atomic spacing from the contact line, that 
is, in the three-phase interaction region if this assertion is 
translated into a thermodynamic language used here. 

As the speed of the liquid spreading increases, the dy- 
namic contact angle also increases and the relative slip veloc- 
ity decreases. Here again we speak about apparent slip on the 
liquid-facing side of the liquid-solid interface. In contrast to 
slip models (Dussan V., 1979; Shikhmurzaev, 1993a, for re- 

0.00 
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I I  1 

Figure 7. Streamlines for D < 1. 
A = 1 and the values of the other parameters are the same 
as in Figure 6. 

views) the flow field tends to that of the classical solution as 

The zone of closed streamlines diminishes as V increases 
and disappears when D becomes equal to 1. It is interesting 
that in the advancing contact line motion, an increase of p,& 
diminishes relative slip at the liquid-facing side of the liquid- 
solid interface: the reverse slip turns into complete and then 
into partial. This result does not confirm the idea that the 
precursor film can play the role of a particular kind of a lu- 
bricant and lead to apparent slipping of a liquid on a solid 
boundary: if the film is microscopic, it diminishes the relative 
degree of apparent slip on a solid; if the film is macroscopic, 
then it is necessary to consider its edge as the contact line, 
therefore, simply changing the location of the region of inter- 
est. 

In the receding contact line motion the zone with closed 
streamlines also appears as D > 1. This condition is strongly 
influenced by the function p,",,(V). 

The curves in Figure 7 were obtained for A = 1, and the 
same values of the other parameters as in Figure 6. The re- 
gion of closed streamlines is absent, though the distribution 
of u$ along the liquid-solid interface is the same as in Figure 
6. 

The flow caused by the surface-tension gradient is known 
in hydrodynamics as the Marangoni effect (Scriven and 
Sterning, 1960; Napolitano, 1986). In the situations consid- 
ered in literature, the surface tension gradients appear due 
to nonhydrodynamic reasons such as temperature and/or 
surfactant concentration gradients and the dependence of the 
surface tension on temperature and/or the surfactant con- 
centration. In the case of a moving contact line we are deal- 
ing with the effect, which we call the self-induced (or flow- 
induced) Marangoni effect, that is the surface-tension gradi- 

e, -+ 180". 
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ent induced by the flow itself and its reverse influence upon 
the flow. 

Discussion 
As was shown in the previous sections, the model describes 

the main experimentally observed macroscopic features of the 
receding contact line motion listed as (a)-(c) in the second 
section. A microscopic liquid film present on the solid sur- 
face strongly influences the motion (advancing or receding) 
of the contact line. This film: 

Diminishes the advancing dynamic contact angle and the 
maximum dynamic contact angle value 

Decreases the rate-of-growth of the advancing contact 
angle in the case where the static contact angles on prewet 
and dry solid surfaces are the same 

Increases the maximum speed of liquid displacement 
from a solid surface 

Diminishes apparent slip on a solid surface. 
It is necessary to mention that in general a quantitative 

comparison of a theory with experiments should take into ac- 
count the difference between the measured and macroscopic 
contact angles; the latter is the contact angle which is used in 
the free-surface shape determination as a boundary condi- 
tion for the corresponding hydrodynamic equation. In this ar- 
ticle, as well as in some others (Greenspan, 1978; Ehrhard 
and Davis, 1991; Shikhmurzaev, 1993a, 1994) just the macro- 
scopic contact angle is examined, and the well-known proce- 
dure (Cox, 1986) could be applied to determine the deviation 
of the apparent contact angle from the macroscopic one as 
the distance from the contact line increases. For high contact 
line speeds this deviation may be considerable (Ngan and 
Dussan V., 1982; Dussan V., 1979; Ram6 and Garoff, 1991). 

Boundary conditions (Eqs. 1-5), which may be considered 
as a generalization of the Navier boundary condition, are ap- 
plicable to a number of problems in which the conventional 
no-slip boundary condition leads to physically unacceptable 
paradoxes. It should be emphasized that these are paradoxes 
of the model itself but not of a way in which a particular 
hydrodynamic problem is simplified (the latter are reviewed, 
for example, in Goldshtik, 1990). Usually, if the no-slip 
boundary condition gives rise to a physically unacceptable 
paradox, slip on the solid surface is introduced, and the para- 
dox is removed. The Navier boundary condition is the most 
popular among slip models and in some cases, for example, if 
a purely macroscopic mechanism of the spreading flow over 
rough surfaces is considered (Hocking, 1976), it has a sound 
physical background. A slip boundary condition allows us to 
eliminate shear-stress singularities in many problems espe- 
cially if the problem involves only liquid-solid boundaries. 
However, if a slip boundary condition is applied to the mov- 
ing contact line problem, a number of drawbacks become evi- 
dent (see Shikhmurzaev, 1993a, 1994, for a discussion). For 
example, using such boundary conditions, one must prescribe 
the value or the velocity-dependence of the contact angle. In 
some works it is assumed that the contact angle is equal to 
the static contact angle even if the contact line is moving. 
However, as shown in Zhou and Sheng (1990), in this case, if 
the contact line velocity is sufficiently low, the static and ap- 
parent contact angle (the latter was obtained in the frame- 
work of different slip theories) are very close to each other, 

and therefore any measured contact angle should be close to 
the static contact angle value for these velocities, while exper- 
iments show that it is not so. The idea to postulate a 
velocity-dependence of the contact angle means that an addi- 
tional adjustable function, which must take into account the 
influence of the contacting material properties, will be intro- 
duced in the theory. Obviously, the predicting power of such 
a theory will be considerably reduced. 

Besides this, slip boundary conditions replace the experi- 
mentally observed rolling motion of a liquid (Dussan V. and 
Davis, 1974) by the sliding type (in existing theories u - r*, 
A 2 1 as r + O), and therefore completely change the flow field 
characteristics. 

An essential advantage of the present theory is that it has 
all the positive features of the Navier boundary condition and 
eliminates its drawbacks being applied to the moving contact 
line problem. It is clear that the model hoids the rolling char- 
acter of the liquid motion (see condition 12) and gives the 
velocity-dependence of the contact angle. It is noteworthy that 
boundary conditions (Eqs. 1-61 can be easily generalized for 
the case of an interface between immiscible viscous fluids 
(Shikhmurzaev, 1993b) so that the splitting of the free inter- 
face at the moving contact line is described. 

Thus, the developed approach gives a unified regular way 
of considering different problems where the standard condi- 
tions for the Navier-Stokes equations give rise to physically 
unacceptable situations. 

Notation 
Cu = capillary number 

F =  total drag force 
l=U7 
p = pressure 

p s  = surface pressure (negative surface tension) 
p& = tangential force per unit length of the contact line on a pre- 

p j c  = tangential force per unit length of the contact line on a dry 
wet solid surface 

solid surface 
r = coordinate radius 

r,, = coordinate of the stagnation point 

U,, = maximum speed of drying 
V= dimensionless contact line speed 
W =  constant 

u,, uo= components of the velocity in the polar coordinate system 

Greek letters 
y= constant 

6, = static contact angle on a dry solid surface 
6,, = static contact angle on a prewet solid surface 

p s  = surface density 
p i  = surface density corresponding to zero surface pressure 
p s  = constant 

(+= equilibrium surface tension 
t+b= stream function 

€= UT/L 

A = Y P i b  

p;,, = surface density of the microscopic residual film 

t+b(o) = stream function of the outer solution 
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